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In [4] Jung and Watkins proved that for a connected infinite graph X either r®(X) = oo holds 
or X is a strip, if Aut(X) contains a transitive abelian subgroup G. Here we prove the same 
result under weaker assumptions. 
1. Introduction and terminology 
X(V, E) denotes a graph with vertex-set V(X) and edge-set E(X). Graphs 
considered in this paper contain neither loops nor multiple edges, Aut(X) 
denotes the automorphism group of X. A group G ~< Aut(X) acts transitively on 
X if for each pair x, y • V(X) there is an tr • G such that a~(x) = y. A graph which 
allows the transitive action of a group is called transitive. 
Two one-way infinite paths B and P are equivalent in X, in symbols B -x  P, if 
there is a third path R which meets both of them infinitely often. The equivalence 
classes with respect o -x  are called ends ([2, p. 127]). n(E) denotes the maximal 
number of disjoint one-way infinite paths of an end E • ~(X), where ~(X) 
denotes the set of ends of the graph X. All tr • Aut(X) clearly act on ~(X). We 
say that a~ leaves invariant a finite set S c V(X) or a finite set ~'(X) c ~(X) if 
tr(S) = S or tr(~'(X))= ~'(X), respectively. 
r=(X) denotes the least cardinality of a set S which separates two infinite 
subsets of V(X). If S separates the infinite subsets Ca, C2 where IsI  = and 
V(X) = Ca U S O C2, then Ca and C2 are called fragments of X. The boundary OC 
of C ~- V(X) is the set of vertices in V(X)\C which are adjacent to vertices of C. 
A connected graph X is called a strip if there exist a connected set C ~_ V (X) and 
an automorphism a • Aut(X) such that 0 < lacI < oo u ac) c, and 
C \ a~(C) is finite. (C) denotes the subgraph of X induced by C. 
In [4] Jung and Watkins proved that either r®(X) = 00 holds or X is a strip if an 
abelian subgroup G of Aut(X) acts transitively on X. Here we show that the same 
holds if a group G ~< Aut(X) acts transitively on X and g(G) N Z(X) ~ 0 where 
g(G)  denotes the center of G and Z(X) is the set of all those automorphisms of 
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X which contain no cycles of finite length. We will also explain why these 
assumptions are weaker than those in [4]. In [4] it is further shown that for the 
transitive abelian group the assertion G-~Z x T holds, where T is finite. 
Unfortunately we cannot give a similar characterization of the groups considered 
here. 
ZI(X) denotes the set of all those automorphisms which contain at least one 
cycle of infinite length. 
2. The main result 
First we list some known results which enable us to prove the main theorem. 
The first of those results was proved in [1]. 
Proposition 2.1. Let X be a connected, locally finite graph and let tre ~,(X). Then 
olfixes at least one end and at most two ends. If o: fixes only one end E, then n(E) is 
infinite. 
Proposition 2.1 contains parts of two theorems in [1]. Here we only cited the 
assertions we need later. The next proposition contains two results which were 
proved in [5] and [6], respectively. 
Proposition 2.2. Let X be an m-connected graph without subgraphs contractible to 
Kin,n, for some n, and let tr ~ ~I(X).  Then ol leaves invariant a set of at least one 
and at most two ends. I f  ol ftres exactly one end E then n(E) is infinite. 
To prove the first part of Proposition 2.2 the assumption that X is m-connected 
without subgraphs contractible to Km,n is only used if a~(T) = T holds for some 
finite T c V(X). Hence, if cr e Z'(X) we can state: 
Corollary 2.3. Let X be a connected, infinite graph and let oc e X(X). Then ol 
leaves invariant a set of at least one and at most two ends. 
If we know from [1], Theorem 4, that cr fixes both ends Eo, 
E1 e ~g'(X) if a~ leaves invariant ~g'(X) (the case affEo) = El, or(E1) = E0 cannot 
occur). 
For a large class of graphs and automorphisms the following result was proved 
in [5]. Here we give a generalization of that result. 
Lemmm 2.4. Let X be a connected infinite graph and let tee Z(X). I f  oc I ~(X) and 
fl I ~g(X) commute then tr and fl leave invariant he same set ~g'(X) c ~g(X), where 
1 ~< [~g'(X)l <~ 2. 
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Proof. Let ~'(X) denote the set of ends which is left invariant by a~. We now 
consider an end Eo • ~g'(X) which is fixed by tr. 
Suppose o~ I ~(X) and fl I ~(X) commute and fl(Eo) = E2 ~ ~'(X). Then 
= = 
because of Corollary 2.3, and 
= = 
which is not possible. Hence fl leaves invariant he set ~'(X) where 1 I '(x)l 
2. [] 
In [3] the following theorem was proved. 
Theorem 2.5. Let x~(X) < ~ and G <<- Aut(X) act transitively on X. Then for each 
fragment C of X there exist a • G such that a( C t.J aC) ~ C. 
Jung further states that such an automorphism a contains no cycles of finite 
length. An important tool for proving our main result is the following lemma. 
Lemma 2.6. Let X be a connected, transitive graph with r~(X) < ~ and let 
C c V(X) be a fragment of X. Then (C) contains one-way infinite paths. 
Proof. The statement is obvious if X is locally finite. Now suppose X is not 
locally finite. Then each vertex has infinite degree since X is transitive. If each 
vertex of C is adjacent to infinitely many vertices of C then (C) clearly contains a
one-way infinite path. Otherwise, if there is a vertex v • C which is only adjacent 
to finitely many vertices of C then v is adjacent o infinitely many vertices of 
V(X) \ C, thus contradicting our assumption that C is a fragment. [] 
The following results, which we also need for our main proof, were shown in 
[4]. 
Theorem 2.7. Let X be a connected and transitive graph with x®(X) < ~ and 
suppose that X is not a strip. Then X contains an infinity of pairwise disjoint 
fragments. 
Theorem 2.8. Let X be a connected and transitive graph with r®(X) < oo. If either 
(a) Aut(X) contains an element with finitely many orbits, or 
(b) X\S  has at most two components for any finite S c V(X), then X is a strip. 
Now we are able to prove our result. 
Theorem 2.9. Let X be a connected, infinite graph and let G <~ Aut(X) act 
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transitively on X. I f  the center of  G contains at least one o: • ,Y,(X), then r=(X)  = oo 
or X is a strip. 
ProoL Suppose r®(X) < oo and X has more than two ends. Then X has infinitely 
many ends since G acts transitively on X. Hence X is no strip. Then Theorem 2.7 
implies that X has infinitely many disjoint fragments. We now consider three of 
these fragments, namely q ,  C2 and Ca. Clearly (q ) ,  (C2) and (C3) contain 
one-way infinite paths of pairwise different ends (follows from Lemma 2.6). By 
Theorem 2.5 there are automorphisms ol,  0"2, 0"3 • ,a~(X) such that oi(aC/U Ci) ___ 
Ci for all i, 1 ~< i ~< 3. Then, using the methods of the proofs of Proposition 2.1 
and Proposition 2.2 (see [1] and [5], respectively), it is easy to show that ol, 02 
and 03 Fix at least one end of (C1), (C2) and (C3), respectively. Let El, F_~ and 
F-.3 denote those ends. Now, let c~ • Z(X) be in the center of G. Then, by Lemma 
2.4 tr leaves invariant he sets of ends which are left invariant by Ol, 02 and 03, 
respectively (since a~ I ~(X) and oi I ~(X) clearly commute if tr and oi commute). 
Hence W'(X), the set of ends which is left invariant by a~, contains at least El, F-.2 
and E3, a contradiction to Proposition 2.1 (for locally finite graphs) and Corollary 
2.3 (for graphs which are not locally finite). Hence X has at most two ends. Then 
by Theorem 2.8 X is a strip or r®(X) = oo. [] 
In [4] the same assertion was proved under the assumption that the transitive 
acting group G is abelian. Further it was shown that G = 2~ x T, where T is finite, 
if X is a strip and G satisfies the above mentioned assumption. 
As Jung states in [3] the automorphisms o of Theorem 2.5 contain no cycles of 
finite length. Hence transitively acting abelian groups always have a center (the 
group itself) which has the property we need to prove Theorem 2.9. So the 
assumption we used here is not so restrictive. 
At last we cite a result which was proved in [7]. Let G be nilpotent of class r, 
where 
e = Zo <] ZI <I Z2 <] . . . <] Z, = G 
and Z3 n 27(X) =]= ~. Then the following result holds: 
Theorem 2.10. Let X be a connected, locally finite graph and let the nilpotent 
group G <~ Aut(X), which satisfies the above assumptions, act transitively on X. 
Then r®(X) = ~ or X is a strip. 
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